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ABSTRACT

This article presents method of constructing tests for the hypothesis on shape
parameter g of the family of lifetime distributions under progressive
censoring. We derive three test statistics @54y, Fand Q;. The performance of
these statistics, in terms of power, is studied through simulation for different
values of shape parameter of Gompertz distribution, Burr-XII distribution,
bathtub distribution, and Weibull distribution. For these distributions, it is
concluded that either a test Q(,q), Or test Q, performs better than test F in case

of large samples whereas test F performs better than other tests Q(sq)and @4 in

case of small samples when the shape parameter is not equal to the value under
null hypothesis.

1. Introduction

A two parameter family of lifetime distributions plays an important role in data
analysis in the field of biostatistics, when the data are censored. Gompertz
distribution, bathtub distribution, Weibull distribution and, Burr-XII distribution,
are some of the distributions used to analyze lifetime data. The Weibull
distribution is quite popular as a life testing model due to various shapes of the
probability density function and has the advantage of having a closed form of
cumulative distribution function. This model is quite flexible and has been used
very effectively for analyzing lifetime data. The Gompertz distribution was
introduced by Gompertz (1825). This distribution plays an important role in
modeling human mortality and fitting actuarial tables. In the area of lifetime
analysis, the two-parameter Burr-XII distribution with uni-modal failure rate
function will be more appropriate when the failure factor of the product is fatigue
or aging. The bathtub distribution was introduced by Chen (2000). This
distribution is widely used to fit well to the real life data which have bathtub
shaped.
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Censoring is very common in studies or experiments involving lifetime data
since the experimenter may have to terminate the test before all items have failed
due to time limit or economic reason. The two most common forms of censoring
schemes are type-l and type-Il. In type-l censoring scheme, the experimental
time is fixed, but the number of observed failures is a random variable. In type-II
censoring scheme, the number of observed failures is fixed, but the experimental
time is a random variable. The advantage of such a scheme over type-I censoring
is that one knows exactly how many failures will be observed ahead of time;
however, the time to test possibly unbounded, and could be on average much
larger than in type-I censoring. Under type-Il right censoring scheme n units are
placed on test at time zero, experiment is terminated after first m (< n) failure
items are observed. Principal advantage of such censoring is that it may take
much less time for the first m failures of n item to occur as compared to
observing failure of all n items.

Among the different censoring schemes, the progressive censoring scheme has
received considerable attention in the last few years. Under this scheme n units
are placed on test at time zero, the test is continued till m failures are observed.
When the first failure is observed, r; of the surviving units are randomly selected
and removed. At the second observed failure, r, of the surviving units are
randomly selected and removed. This experiment terminates at the time when the
m'™ failure is observed and the remaining 7, = (n —m — X% ;' ;) surviving
units are all removed. Balakrishnan (2007) provided details on progressive
censoring scheme and on its different applications. For some of earlier research
under progressive censored data, we refer to Balakrishnan and Aggarwala (2000),
Balakrishnan et al. (2001), and Balakrishnan and Cramer (2008). Shanubhogue
and Muralidharan (2004) have obtained conditional test for shape parameter of
Weibull distribution based on quadratic form under type-11 censored scheme. The
paper does not consider hypotheses testing problem in the case of progressively
type-1l censoring scheme because of the complexity of finding distribution of test
statistic obtained. In this article we propose a computationally simple method of
constructing tests for testing shape parameter of family of lifetime distributions
as Hy: B = By against Hy: § # [, using progressive type-Il censored sample.

In this work, we derived conditional joint distribution of generalized spacings
74,23, ..., Zy given their sum T = t, using joint distribution of progressive type-11
censored sample from the family of distributions. We suggest a test based on a
guadratic form constructed using conditional means and covariances. To arrive at
an unconditional setup we modify the statistic Q by replacing t by T. Further, we
constructed two more test statistics F and Q;, and the performances of these are
compared based on simulated powers.

The rest of this paper is organized as follows. In Section 2, we introduce a new
model of family of distributions and shows that few distributions already
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proposed in the literature are members of the family. Section 3 presents
derivations of the test statistics and test procedure. Simulation studies for testing
shape parameter of the family of distributions are done, simulated cut-off points
and the powers of the tests are discussed in Section 4. The last section deals with
conclusions regarding the usefulness of the tests.

2. Model

In this section, we introduce new model for family of lifetime distributions and
shown that few distributions already proposed in the literature are members of
the family. Let Y be a random variable having distribution belonging to a family
of distributions. The probability distribution function (pdf) and cumulative
distribution function (cdf) of family of distributions is as

a(x, B)[h(6)] 4*A)
9(0)
F(x;0,B)={1— [h(6)] **=F)} 2.1)

a(x, B)[h(0)]2*F) dx, and a(x,B) is the derivative of

f(x;6,B8) = ; x>0,60,>0

o)

where, g(6) = [,

d(x, ). Some of the members of the above family are listed as below.
Case I: Gompertz Distribution

ePx_1

B

Consider a(x, B) = eP*, d(x,B) = ,h(0) = e % and g(0) = %, then the

density function can be written as,

_8 (ePx-1)
f(x;0,8) =0ePxe s ; x>0, 60,8>0
The cdf is

F(x;6,8)=[1- o5 (P, 2.2)

These are the pdf and cdf of two parameter Gompertz distribution. Here, gand 6
are shape and scale parameters respectively. When g = 0, Gompertz distribution
reduces to exponential distribution. Hence, test for  is of interest.

Case I1: Burr-XII Distribution

For a(x, B) =% d(x, B) = log[1 +xF], h(6) = e~® and g(8) = >then

the density function can be written as,

B-1
f(X; 0, ﬁ) = {alﬁj_c—xﬁ] e—e{log[1+x'g]}; x>0, 6’3 >0

The above density function can be simplified as,
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FG0,8) = 0pxF 11+ xF] " x>0, 6,8>0

The cdf is
F(x;6,8)=[1-(1+xF)°] (2.3)
These are the pdf and cdf of two parameter Burr-XI1 distribution. Here, g and 0

are shape and scale parameters respectively. When g = 1, Burr-XII distribution
reduces to Pareto distribution. Hence, test for p is of interest.

Case I11: Weibull Distribution
Fora(x, ) = fxP%, d(x,) =xP, h(8) = e™® and g(6) =, then the
density function can be written as,
F0,8) =08xP1e= 0, x>0, 9,5>0;
The cdf is
F(x;0,8) = (1 — e~ %) (2.4)
These are the pdf and cdf of two parameter Weibull distribution. Here, Sand

6 are shape and scale parameters respectively. For g = 1 Weibull distribution
reduces to exponential distribution. Hence, test for 3 is of interest.

Case 1V: Bathtub Distribution
If aCx,f) = pe*’xP~1, d(x,f) = e*’ =1, h(8) = e~® and g(6) =, then
the density function can be written as,

xB
Fx:0,8) =08 e xf1e70(e" -1, x>0 6,8>0
and the cdf is
B
F(x;0,8)=(1— e (" ~1) (2.5)
These are the pdf and cdf of two parameter bathtub distribution. Here, fand 6 are
shape and scale parameters respectively.
3. Derivation of the test

In this section we derive the test statistics using progressive type-Il censored
sample. Let (X1,71), (X2,72), o, (XmTin ), Where X; < X, < - < Xpandm <mn,
denote a progressive type-11 censored sample based on n experimental units
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whose life times follow the generalised inverted family of distributions as given
in (2.1), With pre-determined number of removals, say, r; 1, .. ,7, the joint
probability density function for X;, X, ...,X,,, m < n is given by( see Cohen,
A.C. (1963))

fu(:0) = [ [ £ 0) 11— P, 001"
i=1

L0 ) = ¢ [Ty aGe) [ao)ZimaCrodtel
fx(%6,8) =C L4 O ,m<n, x>00,>0 (3.1)
where,C=n(n—-rn—-1Dn—-r-1rn—-2) .(n =1, =75 . =T —m+1),0=
rn<m—m-ry—ry..—ri_1), i=1,2,..,mand a(x, B) is the derivative of
a(x,p).

LetY; = d(x;, ), where B > 0is known andY; < Y, < --- <Y¥,. Making the
transformation,
Zi=(n-i+1-r—1..—1 )Y, —-Y4], i=123....,m (3.2)

The Jacobean of transformation is
1

:n(n—rl—l)(n—rl—rz—Z) wm=r =1y =Ty —m+ DI alx, B)

I
We have= Y1, (1 + r;)d(x;, B). Hence from (3.1) the joint distribution
of Z;’s is

[h(0)I%i=1 %
f2(z:0) == G (3.3)

_qm @)
=1 g(0)

This proves that generalized spacings Z,, Z,, ..., Z,are i.i.d. random variables.

LetT =Y",Z, =¥",(1+r)d(x;,B). Then the joint pdf of (Z,,Z,, ..., Zp_1, T) IS

obtained as

(21,25, ., Zm_1,t;0) = zi<t<o,z;>0,i=1,2,.., m—1

(3.4)
Integrating out other variables, we obtain the joint distribution of (Z;,T) as

[R(®)]

T & z)™ 3 0<z; <t < oo, (3.5)

fz,7(zi,t;0) =
5
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Similarly, the joint distribution of (Z;, Z;, T) is

[R(®)]*
[9(6)]™(m — 3)!

fZi,Z]-,T(Zi'Zj' t; 9) = (t —Zj — Zj)m_3; 0< Zi + Zj <t < oo,

(3.6)
and the marginal pdf of T is

. —_ [h(e)]t m-—1 .,

Now, from (3.4) and (3.7), the conditional pdf of Z,, Z,, ..., Z,,,_, given T = tiis
obtained as

fZlT(th) = %, 0< Al < Zy << Zm—-1 <t (38)

It is seen that this conditional density does not depend on the nuisance parameter
0. ThusT = X, (1 + r;)d(x;, B) is the sufficient statistic for 6. To develop test
for the parameter of interest f in the presence of nuisance parameter 6, we
construct a quadratic form using the conditional distribution (3.8) as

Q=CZ-p)X'Z-p) (3.9)
Where’ ZI = (Zl'ZZ' ""Zm—l)’ﬁl = (/.11, Uz, '"Hum—l); U = E(leT = t) and
> = ((ay;)) is the variance-covariance matrix of ( Z|T = t). We have the

conditional distributions as

frr(zilt) =2 @ - 2ym2, 0 < 7 <t (3.10)
and £, 1r(2; z-|t)—w(1—ﬁ—ﬂ)m_3-0<z-+z-<t (3.11)
zpzj|T\*0 %1%) = t2 t ot ’ vt ' '

Using above distributions, we have, E(Z;|T = t)— —, E(Z;,Zj|T=19= m

21 4y 24t*
E(Z |T t)_ ( +1) E(Z lT t) m(m+1)(m+2)(m+3) and

2 2 o 4t
Bz 2 IT=1)= m(m+1)(m+2)(m+3) (3.12)
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Therefore, we havey = E(Z|T = t)= %qu and the conditional covariances are

t2(m-1) t? . . .
as Oij = — , Ojj = — and the variance-covariance matrix of
m2(m+1) m2(m+1)
(Z|T=1)is
1 1 1 1
- %5
m m m m
1 1 1 1 1
ez | m ( _E) m m
— 1
Z m(m + 1) 1 (1_i> —_—
m m. m m
' 1
Lt 1 (1 __)
m m m m
— tz [I _ E(m_l)r(m_l)]
mm+1)L m

and Z_ m(m+1)

Im 1 +E(m 1),(m— 1)]

Substituting the values of 4 and ¥~ in the expression for Q we get,

-1
0= (z-w') (Z-p

m(m+ 1) t t
= t2 (Z - % m—l) (Im—l + E(m—l),(m—l)) (Z - EEm—l)

HE S -+ -

—m(m+1)[2‘ L —l]

m

!

(3.13)

To arrive at an unconditional setup we modify the statistic Q by replacing t by T.
Thus the statistic Q in terms of type-Il progressive censored data is

—m(m+1)[2‘ L —%]

= m(m + 1) [Z?Q(n—i"‘l—ﬁ—“fz w1 )P [V =Yg P 1
[Z2.(1+7m) Y ]? m
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_ Ihin—i+1-n.—n )’ [dX,B) —dXiy, PI* 1
=m(m+1) — > S

[XE2.(1+1)d(X, B)] m
For the hypothesis of testing Hy: f = B, against Hy: 8 # [, under Hy, on
simplification, the statistic Q can written as

Yizi(n=it+1-1—15...=1i_1)?[d(X;,B0) ~d(Xi-1,B0)]* %] (3.14)

Q=m(m+1) (S, (1 +7)d(X;,80) 12

The exact mean and variance of Q under Hyare

i= Zl
Epy(Q) = m(m + DE, (G5 = —)

= m(m + 1) [EE (Zl Ay t) -] (3.15)

Using values from (3.12) and substituting it in the above expression, on
simplification, the mean of Q under H, is given by
Ep,(Q) =m-—1 (3.16)

LetV = Y™, ZZ, then variance of Q is

m 2
Vary, (Q) = m*(m + 1)* Vary, (LZ’ — l)

T2 m

= m(m+ 2 [Ey, (77) = En, (7)1

m 4 m 2
i=1Zi +ZZL¢]Z Z

= m?(m + 1)2 [EE << = T=t )) {EE( |T— t)}]

Using values from (3.12) and putting in the above expression, on simplification,

the variance of Q under H, is given by

Vary, (Q) = ~2tm. (3.17)

(m+2)(m+3)

Qny—Eny(Q)
/VaTHO (@

Substituting values from (3.16) and (3.17) in the expression for Q(s4) and on

Then the standardized statistic is given by  Qsqy =

simplification, we obtain the test statistics as,
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Qg =[RS [t D (=11 15 mrio) A f)=d K ia b)) _ g
(sa) = m—1 2[Z, (1) d(X;,B0) 12

(3.18)

Asymptotic null distribution of Q:

Define W; = (Z;, 7?), where Zi=(n—i+1—1 —75..—1i_)[d(x; Bo) —
d(x;_1,B)], i =23,..,m. It is noted that{W; i=1,2,3,...,m} are iid
random vectors in view of the iid nature of Z;, i =1,2,..,m. We have

V= [Kﬂ where, 7, :Zij;Zi and V, = Zﬁlziz /m. Now, applying

Multivariate CLT, the asymptotic distribution of \/E(K—E(K)) is bivariate
normal with zero mean and dispersion matrix D(V). Also, we have E(V) =

(6,26%) andD(V) = ] Then the asymptotic distribution of

[493 2004
g(V,,V,) =V, /V2 is normal with mean 2 and variance 4/m. Hence

Q=m+D[V,/VE-1]~N(m+1,4(m + 1)?/m) (3.19)

Here, we propose the two more test statistics by replacing g by the null
hypothesis value S,. For g(6) =% and h(8) = e~?, the equation (3.1) can be
written as

m

fx(x,6,B) =Cco™ [1_[ a(xi,,b’)] e[FOTZ(1+T)A@B] 1 < x > 0,6, 8 > 0
i=1

where,C=n(n—-n—-1Dn-rnn-n-2) .. n—-r—-1rn. —1,,—m+1)

(3.20)
Here, we discuss method of finding MLE of 8. The log-likelihood function is
given by

L =1logC + mlogb + Y12, loga(x;,B) — 0 X 2,(1 +r)d(x;, B) .

m

For known g, the MLE of 8 is the solution of Z—g 7 @ +r)d(x;,B) =0,
which is given by
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~ m
0= Sm arroaep (3.21)
The second statistic is based on the ratio of two independently chi-square
distributed variables. For known $,0d (X1, 8) < 6d(X;,B) < - < 0d(Xpn, B) IS
a sample from the i.i.d standard exponential distribution. Thomas and Wilson
(1972) showed that if 8d(Xy,B) < 8d(X,,B) < -+ < 68d(X,,,B) are ordered
statistics from the standard exponential distribution then the generalized
spacings Zy,Z,,...,Zyare i.i.d. standard exponential random variables
where, Z; =(n—i+1—r —1ry..—1r,_[0dX;, B) — 0d(X;_1,B)] and
Yt Zi =0y (1+r)d(X;, B). Using these generalized spacing’s, we have
U =2[%, Z] = 2[$0(1+1)0d(X;, f) —nd(X1,f)]  andV =27, =
2n6d(X,, B) are chi-square distributed with 2(m-1) and 2 degrees of freedom
respectively. Since U and V depends on two disjoint set of independent random
variables, therefore the distributions of U and Vare also independent. The
corresponding statistics is

u
_ _ 2meD _ X (A+r)d(XiBo)-nd(X1,B0)
F=Ffo) = z - n(m-1)d(X;,Bo) (3:22)

It can be seen that F(B,) has F distribution with 2(m-1) and 2 degrees of
freedom.

The third test statistic is proposed using a quadratic form constructed based on
the dispersion matrix X of Z. Which is

G=C-u)IZ-p) (3.23)

Here, u; = E(Z;) = 1, 0 = var(Z)) = 1,0;; = cov(Z;,Z;) = 0, i=EZ) =Enp

and X=I,,, Hence

G- @G-

=ym. Z2 2" Z, +m

=0 (=it 11 =1y = 1 )lAC ) — i, B

- 20 (1 +rl-)d(xl-,ﬁ)}+m
2

10



Tests for the Shape Parameter-....

Replacing 6 by reciprocal of it’s MLE using (3.21), the test statistic is as
m 2
Zi: 1+rpd(X;, .
Q= [ L Aroat ﬂO)] R —i+1l-r -1 -1 A&, Bo) —

m
AKXy, fo)]Y?] — 2 EEAHDICL (3:24)

Suppose that we would like to testH,: f = [, against Hy: 8 # [, with the level
of significance a. Since we could not find the expression for mean of any of these
statistics under alternative hypothesis we propose test procedure based on certain
assumptions. Suppose for all values of 8 # 8, , the mean of statistics, say L, is
increasing with B for g # B, , then the critical region is in the upper tail and
hence null hypothesis is rejected if L > L, (upper a-thquantile). Suppose the
value of statistics decreases (or increases) for § < S, and increases otherwise (or
decreases) for § > B,. Then test procedure is to reject Hy: 8 = S, in favour of
Hy:p # By if L<Lgjp0r L >Ly_,/, Here L is atypical statistics and L,, is the y—
thquantile of the distribution of L.

4. Power Study for some well-known distributions
4.1 Tests for Shape Parameter of Gompertz Distribution

Consider a ordered sample X3, X5, ..., X,,, from the Gompertz distribution defined
by the pdf

0.8) = g oBx g 5@ D),
f(x;0,8) =0elP*e B ; x>0, 6,6>0

where, pBand 6 are shape and scale parameters respectively. Here, we are
interested to test Hy:f = B, against Hy: B + B, by treating 6 as nuisance
(eP¥i-1) (eP*i-1)
B B
complete sufficient statistic for 8. Hence the test statistic based on standardized

parameter. Using d(X;, B)= givenin (2.2),T = X%, (1+ 1) isa

version of the statistic Q under H, is given by

BoXi_ BoXi_1_
0 [mr2)omes) | O+ DER (=i 1-1y =1 o) (;0‘ n_Le °B; 112y .
(sd) = _ BoXi_ -
m 2 Z (e e

Similarly, the other two test statistics under Hyare as

(ePoXi—1) 0 (ePoX1_1)

iz1(1+7)
F=F(f) =— 2 2

BoX1—
n(m — 1)—(e St
Bo

11



and

Q=

BoX;
1i7=11(1+7”i)(eﬁ—

i-1)
0 } [ ﬂl{(n—i+1—r1—rz...—ri_l)[ A

{Zﬁ1(1+ri) G

oXi_l)}z
Bo
+

m

m
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(ePoXi—1) _

2
(eﬁo;l ) ] _

Suppose that we would like to test Hy: f = 1 against H;: § # 1 with the level of
significance a = 0.05. Using the algorithm described in Balakrishnan and Sandhu
(1995), we construct progressively type-Il censored samples from Gompertz
distribution with censoring proportion p = 0.1. The Tables 1 and 2 gives the
direction of the test procedures and simulated cut-off points. The powers of test
at 5% level of significance for different values of nand g is given in tables 3 and
4 respectively.

Table 1: Simulated means of the statistics for different values of £ for p = 0.1.

| Test [ p=037[ p=04 ] p=06 | p=08 | p=1 | p=12 | p=14 | p=16 | p=18 p=2
Quay | 673 | 387 | 134 | 034 | 001 | 003 0.28 0.67 1.16 171
20 7g, | 1792 | 1740 | 1451 | 1476 | 2720 | 57.23 | 106.33 | 17348 | 25641 | 352.32
Quay | 934 | 520 | 171 | 040 | 000 | 008 0.45 1.01 171 252
30 77Q, | 2689 | 2600 | 2054 | 1893 | 3547 | 7917 | 153.67 | 259.13 | 39351 | 553.51
Quay | 1180 | 644 | 204 | 046 | 001 | 0.4 0.63 1.36 2.28 3.34
40 770, | 3585 | 34.65 | 27.04 | 2392 | 4469 | 10249 | 203.78 | 35049 | 541.43 | 773.26
Quay | 1402 | 754 | 233 | 050 | 000 | 0.17 0.74 161 2.70 3.98
50 [Q, | 4481 | 4330 | 3350 | 28.67 | 5338 | 124.66 | 251.60 | 43810 | 684.30 | 98751
Quay | 1624 | 863 | 259 | 053 | -0.01 | 0.20 0.87 1.88 317 468
60 [7Q, | 5377 | 51.96 | 4008 | 33.75 | 6249 | 147.46 | 301.04 | 520.87 | 836.12 | 1218.20
Qua) | 2085 | 1096 | 321 | 0.65 | 000 | 0.6 1.08 232 3.92 5.83
80 7o, | 7170 | 69.27 | 53.13 | 4337 | 79.20 | 189.77 | 393.74 | 703.21 | 1124.90 | 1660.32

12
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Table 2: The percentage points of the distribution of Test statistics for p = 0.1.

The critical values F,5(2(m — 1),2) and Fq;5(2(m — 1), 2) are used to
compute power of test F.

n | Test 1% 5% 95% 99%
0 | Qoo | L4738 | 12002 | 18427 | 33046
) 53258 | 6.7093 | 90.0191 | 191.3381
20 | Qoo | L5838 | 12486 | 18274 | 33463
Q0 00164 | 10.6718 | 102.9052 | 179.4333
20 | Qoo | 15984 | 12773 | 18074 | 3.1959
0 132257 | 151679 | 1182104 | 1955479
50 | Quay | -16560 | -13006 | 18269 | 3.0983
0 173127 | 201142 | 1275421 | 204.7737
60 | Qoo | 16923 | -13084 | 18276 | 3.0453
Q 217082 | 24.8927 | 1452131 | 219.1663
g0 | Qoo | -L7486 | -13101 | 17540 | 3.0129
Q 311924 | 356043 | 164.7771 | 231.1849

Table 3: Power of Tests for § < 1 alternatives at a = 0.05.

n Censoring Progressive Tests
proportion sampling plan p=03 | P=04 | p=06 $=0.8
20 01 m=18 and Qsay | 088 | 066 | 028 0.10
ro=1, rig=1
F 0.96 0.78 0.31 0.10
Q 0.00 0.00 0.00 0.01
02 m=16 and Qsay | 086 | 064 | 029 0.09
ro=1, r16—3
F 0.93 0.76 0.30 0.09
Q 0.00 0.00 0.00 0.01
30 0.1 m=27 and
=L, L, e Qsay | 096 | 0.80 0.36 0.11
F 0.99 0.86 0.35 0.10
Q 0.00 0.00 0.00 0.00
0.2 m=24 and
=L, ram L 1224 Qesay 0.92 0.77 034 0.10
F 0.95 0.83 0.33 0.09
Q 0.00 0.00 0.00 0.00

13
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40 0.1 m=36 and rg=1, rlg:]., Q(sd) 0.99 0.88 0.42 0.13
r7=1, rz=1
F 0.99 0.90 0.38 0.10
Q 0.00 0.00 0.00 0.00
02 m=32and r=1, ne=1, | Qs 0.96 0.86 0.40 0.12
rar=1, 12=5 F 0.96 0.88 0.35 0.09
Q 0.00 0.00 0.00 0.00
50 0.1 m=45 and I’gzl, r13=1, Q(sd) 1.00 0.93 0.49 0.13
r7=1, rss=1, rss=1
F 0.99 0.93 0.40 0.10
Q, 0.00 0.00 0.00 0.00
02 m=40and re=1, =1, | Qs 1.00 0.90 0.47 0.12
r2r=1, res=1, 140=6 F 098 | 089 | 038 0.10
Q 0.00 0.00 0.00 0.00
60 0.1 m=54 and I’gzl, r13=1, Q(sd) 1.00 0.96 0.52 0.13
r27=1, =1, ris=1, rs4=1
F 0.99 0.94 0.43 0.11
Q, 0.00 0.00 0.00 0.00
02 m=48and re=1, =1, | Qs 1.00 0.93 0.50 0.12
rar=1, Fas=1, as=1, Tag=7 F 099 | 091 | 041 011
Q 0.00 0.00 0.00 0.00
80 0.1 m=72 and I’gzl, r13=1, Q(sd) 1.00 0.99 0.63 0.17
r27=1, r3s=1, rss=1, rss=1,
res=1, r7,=1 F 1.00 0.97 0.47 0.11
Q, 0.00 0.00 0.00 0.00
02 m=64 and re=1, ns=1, | Q(sa 1.00 0.97 0.61 0.16
r7=1, r36=1, rss=1, rs4=1,
res=1, res=9 F 1.00 0.95 0.45 0.11
Q. 0.00 0.00 0.00 0.00
Table 4: Power of Tests for § > 1 alternatives at a = 0.05.
n Censoring Progressive _
Proportion sampling plan Tests | A712 | p=14 | p=16 | p=18 p=2
20 01 m=18 and Qsay 0.06 0.09 0.16 026 | 0.37
rg:]., r18:1
F 0.08 0.15 0.27 0.38 0.50
Q1 0.18 0.41 0.66 0.84 0.93
0.2 m=16 and Qsay | 006 | 009 | 014 | 024 | 034
rg:]., |’16:3
F 007 | 014 | 025 | 036 | 047
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Q1 0.17 0.40 0.64 0.81 | 0.90
30 0.1 _m=27and | Qs | 006 | 012 | 022 | 037 | 053
F 009 | 019 | 034 | 047 | 0.60
Q1 024 | 057 | 084 | 096 | 0.99
0.2 _m=24and | Qs | 006 | 011 | 021 | 035 | 051
I’9—1, I’18—1, r24—4
F 008 | 018 | 032 0.45 | 0.58
Q1 022 | 055 | 081 | 093 | 097
40 0.1 m=36and =1, | Qu4) | 007 | 016 | 031 | 050 | 068
rg=1, r;;=1, rzs=1
F 011 | 024 | 0.39 054 | 0.68
Q1 029 | 069 | 092 | 099 | 1.00
0.2 m=32and =1, | Qua) | 007 | 045 | 030 | 048 | 066
rs=1, ry7=1, r35,=5
F 010 | 023 | 037 052 | 0.66
Q1 028 | 067 | 090 | 097 | 1.00
50 0.1 m=45and 1s=1, | Qu4) | 007 | 018 | 035 | 058 | 078
rig=1, r;7=1, rz=1,
is=1 F 011 | 026 | 043 | 060 | 072
Q1 037 | 081 | 097 | 100 | 1.00
0.2 m=40and =1, | Quay | 007 | 017 | 034 | 057 | 0.76
=1, ry7=1, r3e=1,
~ F 010 | 025 | 042 | 059 | 070
I40=6
Q1 036 | 080 | 095 | 099 | 1.00
60 01 m=54and =1, | Qi) | 008 | 020 | 042 | 066 | 0.84
rig=1, r;;=1, rz=1,
45=1, rss=1 F 013 | 029 | 048 | 064 | 0.76
Q1 040 | 086 | 099 | 1.00 | 1.00
0.2 m=48 and 1o=1, | Quay | 008 | 019 | 040 | 065 | 083
rig=1, r;;=1, rz=1,
451, a7 F 012 | 028 | 046 | 062 | 0.75
Q1 039 | 085 | 097 | 099 | 1.00
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80 0.1 m=72and re=1, | Qiay | 0.09 | 0.25 | 055 | 0.80 | 0.94
rg=1, ry;=1, rs=1,

rys=1, rss=1, res=1, F 0.14 | 0.32 | 053 0.69 | 081

r72=1
& @ | 051|095 | 1.00 | 1.00 | 1.00

0.2 m=64.and re=1, | Quay | 0.09 | 024 | 055 | 0.79 | 0.93
rs=1, r,7=1, rs=1,

ris=1, rss=1, rez=1, F 0.13 | 0.31 | 052 | 0.68 | 0.80

r64:9
Q1 0.50 | 0.94 1.00 1.00 | 1.00

4.2 Tests for Shape Parameter of Weibull Distribution

Consider a ordered sample X3, X5, ..., X,,from the Webuill distribution is defined
by the pdf

F(x;0,8) =0BxP1e %", x>0 6,8>0

where,  and 6 are the shape and scale parameters respectively. Here, we are
interested to test Hy:f = BO againstH;: Hy: B # [, by treating 6 as nuisance

parameter. Using d(X;, B)=x; glven in(24), T=Y",(1 +Tz)x is a complete

sufficient statistic for 8. Hence the test statistic based on standardized version of
the statistic Q is given by

(m+ 2)(m +3)
Q) = 1

Similarly, the other two test statistics under H, are as

m+DQ2 M —i+1—1r—1y. —ri_l)z[Xf" - Xf_"l]z}

-1
2[Xm, (14 n-)Xf"]z

(14 X =

F=F =
(:80) n(m _ 1)Xf°

and
@—[M] [Z (M—it+l=r =11 1)[XB°_XL'B—°1]}2]_

5 {z?;l(uri)xiﬁ“}z

m

+m

Suppose that we would like to test Hy: f = 1 against H;: § # 1 with the level of
significance o = 0.05. Using the algorithm described in Balakrishnan and Sandhu

(1995), we construct progressively type-11 censored samples from Weibull
16




Tests for the Shape Parameter-....

distribution with censoring proportion p = 0.1. The Tables 5 and 6 gives the
direction of the test procedures and simulated cut-off points. The powers of tests
at 5% level of significance for different values of n and g are given in Tables 7
and 8 respectively.

Table 5: Simulated means of the statistics for different values of g for p=0.1.

n | Test | p=04 | p=06 | p=08 | p=1 | p=12 | p=14 | p=16 | =18 | p=2
Qsar 5.20 169 | 040 | 001 | 005 | 033 | 078 | 133 | 195
? Q, | 3651269 | 358.38 | 59.07 | 27.20 | 2061 | 19.88 | 2140 | 2412 | 2761
Qsar 7.14 214 | 047 | 000 | 010 | 053 | 118 | 200 | 293
® Q, | 2718549 | 38305 | 7134 | 3547 | 28.65 | 2916 | 32.82 | 38.38 | 45.33
Qsar 8.92 253 | 053 | 001 | 018 | 075 | 161 | 269 | 393
® Q, | 3134350 | 450.96 | 87.46 | 44.69 | 37.29 | 39.14 | 4526 | 5419 | 6531
Qe | 1048 | 285 | 057 | 000 | 020 | 088 | 191 | 322 | 475
¥ Q, | 3738720 | 537.68 | 10300 | 5338 | 4532 | 4846 | 57.04 | 69.43 | 84.94
Qoo | 1199 | 314 | 060 | -001 | 024 | 104 | 226 | 382 | 565
¥ Q, | 43507.24 | 62371 | 119.65 | 6249 | 5375 | 5835 | 69.75 | 86.12 | 106.72
Qs | 1508 | 38L | 074 | 000 | 031 | 129 | 281 | 478 | 715
” Q, | 4979257 | 756.73 | 148.38 | 79.20 | 6961 | 7712 | 9402 | 11827 | 149.10

Table 6: The percentage points of the distribution of Test statistics for p = 0.1.

n Test 1% 5% 95% 99%
20 Qesa) -1.4738 | -1.2002 1.8427 3.3046
0, 53258 | 6.7093 | 90.0191 | 191.3381
30 Qesa) -1.5838 | -1.2486 | 1.8274 3.3463
0, 9.0164 | 10.6718 | 102.9052 | 179.4333
20 | Qeo |-1.5984 | -12773 | 18074 | 3.1959
Q: 13.2257 | 15.1679 | 118.2104 | 195.5479
50 Qesa) -1.6560 | -1.3006 | 1.8269 3.0983
0, 17.3127 | 20.1142 | 127.5421 | 204.7737
60 Qesa) -1.6923 | -1.3084 | 1.8276 3.0453
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Q4 21.7082 | 24.8927 | 145.2131 | 219.1663
Qisa) -1.7486 | -1.3101 1.7540 3.0129
Qq 31.1924 | 35.6043 | 164.7771 | 231.1849

80

The critical values Fg,5(2(m — 1),2) and Fg,5(2(m — 1), 2) are used to
compute power of test F.

Table 7: Power of Tests for § < 1 alternatives at a = 0.05.

n Censoring Progressive
proportion sampling plan Tests | p=02 | A=04 | p=06 p=038
20 01 m=18and r=1, | Qua) | 0.99 0.78 0.35 0.11
rig=1
F 1.00 0.85 0.35 0.11
Q1 0.96 0.78 0.43 0.16
0.2 m=16 and3 =1, | Qa 0.97 0.76 0.34 0.10
6=
F 0.98 0.84 0.34 0.10
Q1 0.94 0.77 0.42 0.15
30 0.1 m=27 and Qsay 1.00 0.90 0.44 0.12
ro=1, rig=1, ryy=1
F 1.00 0.92 0.41 0.11
Q1 0.99 0.89 0.55 0.20
0.2 m=24 and Qisa 1.00 0.87 0.43 0.11
=1, rg=1, ry;=4
F 1.00 0.90 0.40 0.11
Q1 0.97 0.87 0.54 0.19
40 0.1 m=36 and re=1, | Q(sq) 1.00 0.95 0.52 0.14
rg=1, ry7=1, r5=1
F 1.00 0.95 0.44 0.11
Q1 1.00 0.94 0.63 0.22
0.2 m=32and re=1, | Qsq 1.00 0.93 0.50 0.13
r18=1, I’27=l, r32=5
F 1.00 0.93 0.42 0.11
Q1 1.00 0.92 0.61 0.21
50 0.1 m=45and 1=1, | Qua) | 1.00 0.98 0.58 0.14
rig=1, r;;=1, =
Fas=L, Fss=1 1.00 0.97 0.47 0.11
Q1 1.00 0.97 0.71 0.25
0.2 m=40and re=1, | Q(sq) 1.00 0.96 0.56 0.12
rig=1, r;;=1, =
Fas=L, F1=6 1.00 0.95 0.45 0.11
Q1 1.00 0.95 0.69 0.24
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60 0.1 m=54 and rg=1, | Q(sa) 1.00 0.99 0.64 0.15
rig=1, r;;=1, F
rae=L, [4e=1, fes=1 1.00 0.98 0.48 0.12
Q1 1.00 0.99 0.76 0.25
0.2 m=48and re=1, | Q(sa) 1.00 0.97 0.63 0.14
re=1, r7=1, F 1.00 0.96 0.46 0.12
re=1 ras=1, 1e=7 | Qy 1.00 0.97 0.74 0.24
80 0.1 m=72and re=1, | Qsaq) 1.00 1.00 0.74 0.19
r18:1, r27:1, =
rae=1. =1 1.00 0.99 0.53 0.13
rss=1,res=1, 12=1 | @, 1.00 1.00 0.84 0.31
0.2 m=64 and re=1, | Q(sq) 1.00 1.00 0.71 0.18
rig=1, r;;=1, F
rs=L, [ys=1, 1.00 0.97 0.52 0.13
fe=l fea=l 1=9 | @, 1.00 100 | 082 0.30
Table 8: Power of Tests for § > 1 alternatives at a = 0.05.
n Censoring Progressive
. _ Tests p=12 | p=14 | p=16 | p=18 | B=2
proportion sampling plan
20 0.1 m=18 and Qsay | 006 | 010 | 018 | 029 | 043
I’g=1, I’lg=1
F 0.09 019 | 0.33 | 046 | 058
Q1 0.02 001 | 001 | 0.02 | 0.02
02 m=16 and Qsay | 006 | 009 | 017 | 028 | 0.41
re=1, r;s=3
F 0.08 018 | 0.32 | 045 | 056
Q1 0.02 001 | 001 | 0.02 | 0.02
30 01 m=27 and Qusay | 007 | 013 | 027 | 044 | 061
I’g=1, I’lg=l, I’27=l
F 0.10 024 | 041 | 056 | 0.69
Q1 0.02 0.02 | 0.02 | 0.03 | 0.05
02 m=24 and Qsay | 007 | 012 | 026 | 043 | 059
re=1, rig=1, rps=4
F 0.09 023 | 040 | 055 | 0.67
Q1 0.02 0.02 | 002 | 003 | 0.04
40 01 m=36and re=1, | Qusa) | 008 | 018 | 036 | 057 | 0.76
rg=1, ry;=1, rz=1
F 0.13 028 | 046 | 063 | 0.76
Q1 0.02 0.02 | 0.03 | 0.05 | 0.09
0.2 m=32and re=1, | Quay | 007 | 017 | 035 | 056 | 0.74
=l rz=1,1=5 | F 012 | 027 | 045 | 062 | 074
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Q1 0.02 0.02 0.03 0.05 | 0.09

50 0.1 m=45and r=1, | Quay | 007 | 021 | 042 | 066 | 0.85
rg=1, r,;=1,

ra=1, r5=1 F 0.13 031 | 052 | 068 | 081

01 002 | 002 | 004 | 008 | 0.14

0.2 m=40and re=1, | Quay | 007 | 020 | 040 | 064 | 0.83

r=1, rzr=1, F 012 | 030 | 049 | 065 | 0.80
rsg=1, ryp=6

3675 140 Q1 0.02 002 | 004 | 008 | 0.13

60 0.1 m=54and r=1, | Quay | 009 | 024 | 049 | 074 | 0.90
rs=1, r;=1,

rs=1, rs=1, rs,=1 F 015 | 036 | 056 | 0.73 | 0.83

01 002 | 002 | 004 | 009 | 018

0.2 m=48and r=1, | Qua) | 009 | 023 | 048 | 0.72 | 0.88
rs=1, r;=1,

rs=1, Fs=1, r4g=7 F 014 | 035 | 055 | 0.71 | 0.81

01 002 | 002 | 004 | 009 | 018

80 0.1 m=72and r=1, | Qua) | 010 | 031 | 0.63 | 0.86 | 0.97
rs=1, r;=1,

ra=1, r45=1, F 0.16 038 | 060 | 077 | 0.87

=l fea=d 1=l 0. " 1002 | 002 | 007 | 016 | 0-32

0.2 m=64and r=1, | Qua) | 009 | 030 | 062 | 0.85 | 0.96
rg=1, r;;=1,

Fas=L1, Fs=1, F 015 | 036 | 059 | 0.75 | 0.86

rss=1, res=1, res=9
ST e T Q 002 | 002 | 007 | 015 | 030

4.3 Tests for Shape Parameter of Burr-XII distribution

Consider a ordered sample X, X, ..., X, from the Burr-XII distribution is defined
by the pdf.

F0,8) =0pxF 1+ xF] ", x>0, 0,>0

where, § and 6 are shape and scale parameters respectively. Here, we are
interested for testing of Hy: B = [, against Hy: § # [, by treating 8 as nuisance
parameter. Using d(X;, )=log[1+ x| given in (23), T=xr,(1+
B

r;) log [1 + x; ]is a complete sufficient statistic for 6. Hence the test statistics
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based on standardized version of the statistic Q under H, is given by

Oy = [+ m+3) (m+1){2}’;1(n—i+1—r1—rz....—rz_l)z[log(uxf")—1og(1+x{i°1>]2}_1
) m-1 2 5P, (1)) log(1+x 02

Similarly, the other two test statistics under Hyare as

m (147 log(1 + xP°) —nlog(1 + xP)

F=F =
(o) n(m —1)log(1 + Xfo)

and

S (147 log(1+x70)

m

0, = [ ]2 [z;r;l{(n —i+1-m 1. —1i)|log( + X/ -

B8 2
71 (147 log(1+X; )}

m

log(1 + Xf_"l)]}z] - 2{

Suppose that we would like to test Hy: § = 1 against Hy: f # 1 with the level of
significance a = 0.05. We construct progressively type-1l censored samples from
Burr-XI1 distribution with censoring proportion p = 0.1. The Tables 9 and 10
gives the direction of the test procedures and cut-off points. The powers of test
for different values of n and g is given in Tables 11 and 12 respectively.

Table 9: Simulated means of the statistics for different values of g for p = 0.1.

n | Test | g=04 | p=06 | p=08 | p=1 | =12 | p=14 | p=16 | B=18 | p=>
2 Qsa) | 232 1.03 0.31 001 | 002 | 028 071 127 1.93
Q: | 80100 | 156.94 | 53.75 | 27.20 | 18.76 | 16.10 | 1571 | 16.36 | 17.54
% Qsa) | 270 1.19 0.34 000 | 007 | 045 1.10 2.00 2.96
Q: | 100022 | 195.84 | 67.84 | 3547 | 2577 | 2342 | 2405 | 3838 | 28.94
0 Qsa) | 300 1.32 0.37 001 | 013 | 066 152 2.66 4.02
Q: | 122317 | 239.85 | 83.79 | 44.69 | 3347 | 3143 | 3324 | 37.00 | 41.89
50 Qsa) | 327 143 0.39 000 | 015 | 078 1.82 3.21 4.90
Q: | 145030 | 283.96 | 99.30 | 53.38 | 40.61 | 3891 | 4199 | 47.60 | 54.78
6 Quay | 11.99 3.14 060 | -0.01 | 024 | 104 | 226 3.82 5.65
Q: | 170724 | 32371 | 119.65 | 6249 | 53.75 | 58.35 | 69.75 | 86.12 | 106.72
0 Qusa) | 400 176 0.47 000 | 025 | 118 273 4.87 7.54
Q: | 208262 | 408.90 | 144.27 | 79.20 | 62.35 | 62.17 | 69.76 | 81.96 | 97.37
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Table 10: The percentage points of the distribution of Test statistics for p = 0.1.

n Test 1% 5% 95% 99%
20 Qsay -1.4738 -1.2002 1.8427 3.3046
Q. 5.3258 6.7093 90.0191 191.3381
30 Qs -1.5838 -1.2486 1.8274 3.3463
Q. 9.0164 10.6718 102.9052 | 179.4333
40 Qs -1.5984 -1.2773 1.8074 3.1959
Q. 13.2257 | 15.1679 118.2104 | 195.5479
50 Qsay -1.6560 -1.3006 1.8269 3.0983
Q. 17.3127 | 20.1142 127.5421 | 204.7737
60 Qsay -1.6923 -1.3084 1.8276 3.0453
Q. 21.7082 | 24.8927 145.2131 | 219.1663
80 Qsay -1.7486 -1.3101 1.7540 3.0129
Q. 31.1924 | 35.6043 164.7771 | 231.1849

The critical values F,5(2(m — 1),2) and Fq;5(2(m — 1), 2) are used to
compute power of test F.

Table 11: Power of Tests for 8 < 1 alternatives at o. = 0.05.

n Censoring Progressive _
. . Tests | f=021 p=04 | p=0.6 | p=0.8
proportion sampling plan
20 0.1 m=18 and Qeay | 079 | 049 | 023 | 0.10
I’9=1, r]_g:l

F 097 | 083 | 035 | 0.11

0 097 | 0.79 | 041 | 0.15

0.2 m=16 and Qusay | 077 | 048 | 0.22 | 0.09

ro=1, rig=3
e F 095 | 081 | 034 | 0.10

0 096 | 0.78 | 0.40 | 0.14

30 01 m=27 and Qisay | 088 | 058 | 0.27 | 0.10

rg=1, rig=1, ro7=1
e F 098 | 089 | 040 | 0.11

0 1.00 | 089 | 052 | 0.19

0.2 m=24 and Qisay | 086 | 057 | 0.26 | 0.10

rg=1, rig=1, ro,=4
e F 096 | 087 | 039 | 0.10

Q 099 | 087 | 051 | 0.18

40 01 m=36 and re=1, Qsa) 092 | 066 | 030 | 0.10

rig=1, ry7=1, rsg=1
1T TR S0 F 098 | 092 | 043 | 0.11
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Q1 1.00 | 094 | 060 | 0.21
0.2 m=fZ andl r9=1,5 Qsay | 091 | 065 | 0.30 | 0.10
r = , r = s r =
T T e F 097 | 091 | 041 | 0.10
Q1 1.00 | 093 | 057 | 0.20
50 0.1 m=45 and re=1, Qsay | 096 | 072 | 032 | 0.11
r18=l, I’27=1, F
o 098 | 095 | 046 | 0.11
Q1 1.00 | 097 | 069 | 0.24
0.2 m=40 and re=1, Qsay | 095 | 070 | 0.31 | 0.10
r18=l, r27:1, F
rse=1, [10=6 097 | 091 | 045 | 0.11
Q1 1.00 | 096 | 0.67 | 0.23
60 0.1 m=54 and re=1, Qsay | 098 | 082 | 0.38 | 0.12
rg=1, ry;=1, =
fae=L, o= 1, ry=1 1.00 | 098 | 048 | 0.12
Q1 1.00 | 099 | 0.76 | 0.25
0.2 m=48 and re=1, Qsay | 097 | 081 | 037 | 0.11
rg=1, r;;=1, F 1.00 | 097 | 046 | 0.11
r3g=1, rag=7, rsg=7 Q1 1.00 | 097 | 0.75 | 0.23
80 0.1 m=72 and ry=1, Qsay | 1.00 | 087 | 043 | 0.13
rg=1, ry;=1, =
P 1.00 | 098 | 053 | 0.13
rsa=1, rgs=1, r;p=1 Q1 1.00 | 1.00 | 0.83 | 0.30
0.2 m=64and ro=1, | Qsq) | 1.00 | 0.86 | 041 | 0.13
rig=1, ry;=1, =
" 1.00 | 096 | 052 | 0.13
rsa=1, res=1, res=9 Q1 1.00 | 1.00 | 0.81 | 0.29
Table 12: Power of Tests for f > 1 alternatives at a = 0.05.
n | Censoring Progressive
proportion sampling plan Tests | p=1.2 | A=14 | =16 | p=18 | p=p
20 01 m=18 and Qsay | 005 | 009 | 017 | 028 | 042
r9=1, r]_g:l
F 0.09 0.19 0.35 0.49 | 0.63
Q: 002 | 001 | 000 | 000 | 0.00
0.2 m=16 and Qsay | 005 | 009 | 017 | 027 | 041
ro=1, rig=3
F 0.08 0.18 0.34 047 | 061
Q. 001 | 001 | 000 | 000 | 0.00
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30

0.1

m=27 and

Qsay | 006 | 012 | 025 | 044 | 061
I’9:1, I’18=1, r27:1

F 0.11 0.25 0.43 056 | 0.74

Q@ | 001 | 000 | 000 | 003 | 001

02 m=24 and Qsay | 006 | 011 | 024 | 043 | 0.60
I’9:1, I’18=1, r24:4

F 0.09 0.24 0.42 055 | 0.72

Q@ | 001 | 000 | 000 | 003 | 001

40 01 m=36and re=1, | Qua) | 007 | 016 | 034 | 055 | 075
I’13=1, r27:1, r35:1

F 013 | 030 | 050 | 068 | 0.80

Q@ | 001 | 001 | 000 | 001 | 001

02 m=32and re=1, | Qua) | 007 | 015 | 033 | 054 | 0.74
rlg:]., r27:1, r32=5

F 0.12 0.28 0.48 0.67 | 0.79

Q1 0.00 0.00 0.00 0.01 | 0.01

50 0.1 m=45and re=1, | Qua) | 007 | 019 | 040 | 064 | 085
rs=1, ry7=1, r3e=1,

Fas=1 F 014 | 033 | 055 | 072 | 0.84

Q@ | o001 | 001 | 001 | 001 | 002

0.2 m=40and re=1, | Qua) | 007 | 018 | 039 | 062 | 083
rs=1, ry7=1, r3e=1,

r4=6 F 013 | 032 | 054 | 070 | 0.82

Q@ | 000 | 001 | 001 | 001 | 002

60 01 m=54and r=1, | Qusay | 009 | 024 | 049 | 074 | 0.90
=1, ry7=1, rye=1,

Fs=1, rss=1 F 015 | 036 | 056 | 073 | 083

Q | 002 | 002 | 004 | 009 | 012

0.2 m=48and r=1, | Qusay | 009 | 024 | 048 | 073 | 0.89
rig=1, r;;=1, rz=1,

ras=1, rsg=7 F 014 | 035 | 055 | 071 | 0.82

Q1 0.02 0.02 0.04 0.09 | 0.10

80 0.1 m=72and 1=1, | Qua) | 009 | 028 | 060 | 085 | 097
rig=1, r;;=1, rz=1,

r45:1, r54:1, r63:1, F 0.17 0.40 0.64 0.80 0.90

=1

72 Q | 001 | 002 | 005 | 008 | 009

0.2 m=64and ro=1, | Quay | 009 | 028 | 059 | 0.84 | 0.96
rig=1, r;;=1, rz=1,

Fs=1, rs,=1, F 016 | 039 | 062 | 079 | 089

res=1, rgs=9
63T e Q@ | 001 | 001 | 002 | 004 | 007
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4.4 Tests for Shape Parameter of bathtub Distribution

Consider a ordered sample X, X,, ..., X;, from the bathtub distribution defined by

the pdf.
(6+1)

fG;0,8) =0pxP 1 [1+xPF] 77 x>0, 6,>0;
where, fand 6 are shape and scale parameters respectively. Here, we are
interested to test Hy: B = B, against Hi:f + B, by treating 6 as a nuisance

parameter. Using d(X;, B)=(e* £ _ 1) given in (25), T =Y, (1+nr)(e* f_
1)is a complete suff|C|ent statistic for 6. Hence the test statistics based on
standardized version the statistic Q wunder H, is given by

xPBo xPo
(m+2)(m+3) | m+ DR (n—i+1-r—15..—1i_1)?[e i —e i-1]%} 1
Qsa) = p— P -

2[IT, 1+ (i -1
Similarly, the other two test statistics under Hyare as

B B
F = F(gy) = HmatrroCe™ *—1)-n(e¥i 1)

B
n(m—l)(exlo—l)
m o xBo 1 2 Bo Bo
r ; i —
Q= [2L=1( +7’131(e _)l [ m {(n—l+1—7’1—7”2 T 1)[ M~ efis 1]} ] -

xBo z
{Zﬁl(lwi)( et —1)}
2

m

+m

Suppose that we would like to test Hy: f = 1 against Hq: 8 # 1 when 6 = 1 with
the level of significance a = 0.05. We construct progressively type-11 censored
samples from bathtub distribution with censoring proportion p = 0.1. The Tables
13 and 14 gives the direction of the test procedures and cut-off points. The
powers of test for different values of n and § is given in tables 15 and 16
respectively.

Table 13: Simulated means of the statistics for different values of g for p =0.1.

n Test p=0.4 p=06 | p=08 | p=1 | p=12 | p=14 | p=16 | p=18 | p=2

20 Qesay 5.64 1.61 0.36 0.01 0.03 0.24 0.58 0.98 1.45

Q1 4304373.08 153.72 36.47 27.20 28.70 34.67 43.85 55.78 70.24

30

Qeay 8.84 2.14 0.43 0.00 0.07 0.40 0.89 1.49 2.16
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Q 80426027 | 139.42 | 4346 | 3547 | 3961 | 5001 | 6559 | 86.03 | 111.16
40 Qsa 12.35 264 049 | 001 | 013 | 057 | 122 | 200 | 290
Q. | 141223081 | 16657 | 53.35 | 4469 | 5126 | 66.39 | 89.04 | 119.08 | 156.47
>0 Qsa 15.97 3.08 054 | 000 | 015 | 067 | 144 | 239 | 3.48
Q. | 182950955 | 198.22 | 62.82 | 5338 | 6220 | 8178 | 111.26 | 150.77 | 200.50
60 Qsa 19.93 351 057 | 001 | 018 | 08 | 170 | 28 | 413
Q. | 206495551 | 23250 | 73.09 | 6249 | 7358 | 97.93 | 134.80 | 184.92 | 24854
80 Qsay 28.69 4.45 071 | 000 | 024 | 099 | 211 | 352 | 5.8
Q. | 204750459 | 279.86 | 90.89 | 79.20 | 94.80 | 128.26 | 17951 | 249.87 | 340.68

Table 14: The percentage points of the distribution of Test statistics for p = 0.1.

n Test 1% 5% 95% 99%
20 Qsa -1.4738 -1.2002 1.8427 3.3046
Qq 5.3258 6.7093 90.0191 191.3381
30 Qesay -1.5838 -1.2486 1.8274 3.3463
Q. 9.0164 10.6718 102.9052 179.4333
40 Qsa) -1.5984 -1.2773 1.8074 3.1959
Q. 13.2257 15.1679 118.2104 195.5479
50 Qesay -1.6560 -1.3006 1.8269 3.0983
Q. 17.3127 20.1142 127.5421 204.7737
60 Qsa -1.6923 -1.3084 1.8276 3.0453
Q. 21.7082 24.8927 145.2131 219.1663
80 Qsa) -1.7486 -1.3101 1.7540 3.0129
Q. 31.1924 35.6043 164.7771 231.1849

The critical values F,5(2(m — 1),2) and Fq;5(2(m — 1), 2) are used to

compute power of test F.
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Table 15: Power of Tests for f < 1 alternatives at o = 0.05.

Progressive

n Progressive . Tests B=03 | p=04 | p=0.6 | p=0.8
Censoring sampling plan

20 01 m=18 and Qsay 0.90 074 | 032 | 011
r9=1, rlgzl

F 0.95 0.78 0.31 | 0.10

Q1 0.51 0.38 0.19 | 0.09

0.2 m=16 and Qsay 0.85 0.69 0.30 | 0.10
r9=1, r16:3

F 0.90 074 | 029 | 0.08

Q1 0.45 034 | 017 | 0.08

30 01 m=27 and Qsay 0.97 087 | 042 | 012
ro=1, rig=1, ryy=1

F 0.99 0.86 | 035 | 0.10

Q1 0.68 051 | 023 | 0.09

0.2 m=24 and Qsa) 0.93 084 | 038 | 0.0
re=1, rig=1, ry,=4

F 0.95 0.83 | 031 | 0.09

Q1 0.64 049 | 020 | 0.08

40 01 m=36 and re=1, Qsay 0.99 094 | 050 | 0.13
r5=1, ry7=1, r3=1

F 0.99 090 | 038 | 0.10

Q1 0.77 0.61 0.27 | 0.09

0.2 m=32 and re=1, Qesay 0.96 0.93 047 | 0.12

Ng=1, =1, 13,=5 F 0.95 086 | 035 | 0.09

Q1 0.74 058 | 024 | 0.08

50 01 m=45and re=1, Qsay | 100 | 097 | 057 | 0.4
rg=1, r;;=1, rss=1,

Fe=1 F 1.00 093 | 041 | 0.10

0, 0.85 069 | 031 | 0.10

0.2 m=40and re=1, Qsa) 100 | 094 | 055 | 0.12
rg=1, r;;=1, rss=1,

=6 F 0.98 090 | 039 | 0.0

Q, 0.82 067 | 030 | 0.09

60 0.1 m=54 and re=1, Qsa) 100 | 099 | 062 | 0.14
rg=1, r;;=1, rss=1,

fe=1, res=1 F 1.00 095 | 043 | 0.11

0, 0.90 075 | 033 | 0.10

0.2 m=48 and re=1, Qsa) 100 | 097 | 060 | 0.12
rg=1, r;;=1, r3s=1,

fs=1, F=7 F 0.99 092 | 041 | 0.10

Q, 0.86 071 | 031 | 0.09
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0.1 m=72and re=1, Qsa) 100 | 1.00 | 073 | 0.18
rg=1, ry;=1, rz=1,
f4e=1, res=1, reo=1, F 1.00 | 098 | 047 | 0.11
r72=1 0, 095 | 083 | 040 | 0.10
0.2 m=64 and re=1, Qsa) 100 | 098 | 069 | 0.5
rg=1, ry;=1, rz=1,
tie=1, res=1, res=1, F 1.00 | 094 | 044 | 0.09
res=9
o 0, 0.91 080 | 037 | 0.09

Table 16: Power of Tests for § > 1 alternatives at o = 0.05.

Censoring Progressive _ _ _ _ _
Proportion sampling plan Tests | fp=1.2 ) p=14 | p=16 | =18 | f=2
0.1 m=18 and Quay | 005 | 009 | 014 | 022 | 032
rg=1, rig=1

F 0.08 0.15 0.26 0.37 | 0.48

Q1 0.05 0.07 0.11 0.17 | 0.24

0.2 m=16 and Qsay | 005 | 008 | 012 | 020 | 0.29

re=1, ;=3
F 0.07 0.14 0.24 0.35 | 0.45

Q, 0.05 0.06 0.10 0.16 | 0.22

0.1 m=27 and Quay | 0.06 | 011 | 020 | 033 | 047

ro=1, rig=1, ryy=1
F 0.09 0.19 0.33 0.46 | 0.58

Q1 0.06 0.09 0.17 0.27 | 0.42

0.2 m=24 and Quay | 005 | 010 | 018 | 030 | 043

ro=1, rig=1, ryy=4
F 0.08 0.17 0.30 0.43 | 0.53

Q1 0.06 0.08 0.15 0.25 | 0.38

01 m=36 and ry=1, Qsay | 0.07 | 015 0.28 0.44 | 0.61

rg=1, r;;=1, r3s=1
F 011 | 023 | 038 | 053 | 0.67

Q1 0.06 0.12 0.22 0.39 | 0.57

0.2 m=32and ry=1, Qsa) | 006 | 013 | 025 | 041 | 055

rg=1, 1z7=1, 13,=5 F 010 | 020 | 034 | 048 | 0.62

Q1 0.06 | 010 | 019 | 0.35 | 0.52

01 m=45 and ry=1, Qsay | 007 | 016 | 032 | 052 | 071
rig=1, ry;=1, rz=1, F

f=1 011 | 026 | 042 | 059 | 0.71

Q1 0.07 | 015 | 030 | 051 | 0.72

0.2 m=40 and ry=1, Qsay | 006 | 014 | 029 | 0.48 | 0.66

Ng=1, =1, r3=1, F 010 | 024 | 039 | 054 | 0.67
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r4=6 Q1 0.06 | 0.13 0.28 0.47 | 0.66

60 0.1 m=54 and re=1, Qsay | 008 | 018 | 038 | 059 | 0.79
rs=1, r,7=1, r3e=1, F

Fs=1, res=1 013 | 029 | 048 | 0.63 | 0.76

Q1 007 | 016 | 034 | 058 | 0.79

0.2 m=48 and re=1, Qsay | 007 | 016 | 035 | 055 | 0.74

rs=1, rr=1, rs=1, F 011 | 027 | 045 | 060 | 0.70

Fas=1, rsg=7 Q1 0.06 | 0.15 0.31 054 | 0.74

80 0.1 m=72 and re=1, Qsay | 009 | 023 | 050 | 0.74 | 0.90
rs=1, r,7=1, r3e=1, F

Fs=1, res=L, res=1, 014 | 032 | 052 | 0.68 | 0.80

r=1 Q1 008 | 022 | 048 | 075 | 0.92

0.2 m=64 and re=1, Qsay | 008 | 021 | 046 | 070 | 0.87
rs=1, ry7=1, r3e=1, F

rs=1, res=L, res=1, 012 | 029 | 047 | 064 | 0.76

res=9 Q@ | 007 | 020 | 045 | 0.71 | 0.86

5. Conclusions

From the simulated power study, it is observed that among the proposed

te

a)

Sts Qsa), Q1 and F for testing Hy: B = By against Hy: f # f,
For testing shape parameter of Gompertz distribution, the tests Qs4), and F
performs well in identifying B < 8, alternatives whereas test Q,performs
better than other tests F and Qg4 in identifying g > B, alternatives.
Therefore the test Q; is recommended for testing Hy: =B, against
Hy:B > By and the tests Qsqy and F are recommended for testing Hy: B =
Bo against Hy: B < By under progressively type-11 censored sample.

b) For testing shape parameter of Weibull distribution, the tests Q(s4), and F

performs well in identifying g < B, alternatives whereas test F performs
better than other tests Qq) and @, in identifying g > B, alternative.
Therefore the test Q; is recommended for testing Hy: =B, against
Hy:B > By and the tests Qsqy and F to be used for testing Hy: B = By
against Hy: B < B, under progressively type-11 censored sample.
For testing shape parameter of Burr XII distribution, the tests Q;, and F
performs well in identifying f < S, alternatives whereas test F performs
better than other tests Qsq) and Q, in identifying g > B, alternatives in case
of small sample and Qsq) performs well in case of large sample. Therefore
the test F is recommended for testing  H,: B = B, against H;: 3 > 3, and
the tests Q; and F be used for testing Hy: 3 = B, against Hy: B < B, under
progressively type-11 censored sample.
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d) For testing shape parameter of bathtub distribution, the tests Q(sq), and F
performs well in identifying B < B, alternatives whereas test F performs
better than other tests Q(sq) and Q, in identifying g > B, alternatives in case
of small sample and tests Qg4 ,Q, performs well in case of large sample.
Therefore the test F is recommended for testing Hy: B = 3, against Hq: 3 >
Bo and the tests Q(s4) and F be used for testing Hy: p = B, against Hy: B <
B, under progressively type-1l censored sample.

Thus, we recommend the test based on quadratic form i.e. test Q(s4) and test @,

over the test F in identifying either g > B, or B < B, alternatives for some
member of the family of distributions.

References
Balakrishnan, N. (2007): Progressive Censoring Methodology: An Appraisal
(with discussion), Test, 16, 211-289.
Balakrishnan, N., and Cramer, E. (2008): Progressive censoring from
heterogeneous distributions with applications to robustness, AISM 60, 151-171.
Balakrishnan, N., and Sandhu, R.A. (1995): A simple simulational algorithm for
generating progressive Type-Il censored samples, The American Statistician, 49,
229-230.
Balakrishnan, N., and Aggarwala, R. (2000): Progressive Censoring: Theory,
Methods and Applications, Birkhauser, Boston.
Balakrishnan, N., Cramer, E., Kamps, U., and Schenk, N. (2001): Progressive
Type Il censored order statistics from exponential distribution, Statistics 35, 537—
556.
Chen, Z.(2000): A new two-parameter lifetime distribution with bathtub shape or
increasing failure rate function, Statistics & Probability Letters, 49, 155-161.
Cohen, A.C. (1963): Progressively censored samples in life testing,
Technometrics 5, 327-329.
Gompertz, B. (1825): On the nature of the function expressive of the law of
human mortality and on the new mode of determining the value of life
contingencies, Phil. Trans. R. Soc., A, 115, 513-580.
Muralidharan, K., and Shanubhogue, A. (2004): A Conditional Test for
Exponentiality Against Weibull DFR Alternatives Based on Censored Samples,
JIRSS, 3(1), 69-81.
Thomas, D.R., and Wilson,W.M. (1972): Linear order statistic estimation for the
two parameter Weibull and extreme value distribution from Type Il progressively
censored samples, Technometrics 14, 679-691.

30



