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ABSTRACT 

Some recurrence relations for moments of generalized order statistics are obtained 

by Kamps (1995), Cramer and Kamps (2000), Kamps and Cramer (2001) Pawlas 

and Szynal (2001a, b), Athar and Islam (2004) among others. We have established 

recurrence relations for single and product moments of generalized order statistics 

)(gos  from doubly truncated Weibull distribution which includes relations for 

order statistics, −k th record values, sequential order statistics and order statistics 

with non- integral sample size. 

 

1. INTRODUCTION 

Kamps (1995) introduced the concept of the generalized order statistics )(gos  

as follows: 

Let L,, 21 XX  be a sequence of independent and identically distributed )(iid  

random variables )(rv  with absolutely continuous distribution function )(df  

)(xF  and probability density function )( pdf  )(xf , ),( βα∈x . Let Nn∈ , 

2≥n , 0>k , 1
121 ),,,(~ −
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0)( >+−+= rr Mrnkγ  for all }1,,1{ −∈ nr L . Then ),~,,( kmnrX , 

nr ,,2,1 L=  are called gos  if their joint pdf  is given by 
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on the cone )1()0( 1
1

1 −− ≤≤≤≤ FxxF nL . 

Here we assume two cases 

Case I:  mmmm n ==== −121 L . 

Case II: ji γγ ≠ , 1,,1, −= nji L . 
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For case I, gos  will be denoted as ),,,( kmnrX  with its pdf  (Kamps, 1995) 
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and the joint pdf  of ),,,( kmnrX  and ),,,( kmnsX , nsr ≤<≤1 , is 
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where 
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and 

)0()()( mmm hxhxg −= , )1,0[∈x              (1.8) 

For case II, the pdf  of ),~,,( kmnrX  is (Kamps and Cramer, 2001) 
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and the joint pdf  of ),~,,( kmnrX  and ),~,,( kmnsX , nsr ≤<≤1 , is 
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          βα ≤<≤ yx ,       (1.10) 
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where 
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Now since 








−
=

−→ x
xhm

m 1

1
log)(lim

1
, therefore, we will consider only the case 
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xh  for all m , unless needed otherwise. 

A random variable X  is said to have Weibull distribution if the pdf  of X  is of 

the form 

 
pxp

expxf
−−= 1

1 )( , 0>x , 0>p            (1.13) 

and the corresponding df  is 

 
px

exF
−−=1)(1 ,  0>x , 0>p .           (1.14) 

Now if for given 1P  and 1Q  
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then the truncated pdf is given by 
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and the corresponding truncated df  )(xF  is 
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Here in this paper, we have obtained recurrence relations for single and product 

moments of generalized order statistics from doubly truncated Weibull 

distribution and its various deductions and particular cases are discussed. 
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2. RECURRENCE RELATIONS FOR SINGLE MOMENTS 

Case I:    mmm ji == , 1,,2,1, −= nji L . 

Lemma 2.1: For nr ≤≤2 , 2≥n  and L,2,1=k . 
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Proof:    Results can be established in view of Athar and Islam (2004). 

Theorem 2.1:    For the given Weibull distribution and Nn∈ , ℜ∈m , 

nr ≤≤2 . 
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Proof:    From equations (1.16) and (2.3), we have 
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hence the required result. 

If we put 1=p  in the above expression, we get corresponding result for the 

exponential distribution. For the non-truncated case one has to put 1=P , 

0=Q . 

Remark 2.1:   Recurrence relation for single moments of order statistics 

)1,0( == km  is 
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where by convention we use 11: PX nn =−  and 1:0 QX n =  

as obtained by Khan et al. (1983a). 

Remark 2.2:   For −k th record statistics )1( −=m  recurrence relation for 

single moments reduces as 
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Similarly, the recurrence relations for single moments of order statistics with 

non-integral sample size  for 0=m , 1+−= nk α , +ℜ∈α  and for sequential 

order statistics for 1−= αm , α=k  may be obtained. 

Theorem 2.2:    For the given Weibull distribution and Nn∈ , ℜ∈m , 

nr ≤≤2 . 
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Proof:    In view of equation (1.15), (2.3) becomes 
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To prove (2.10), note that 
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and the result follows from (2.3). 
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Theorem 2.3:    For the given Weibull distribution and Nn∈ , ℜ∈m , 

nr ≤≤2 . 
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Proof:    Proof follows on the lines of Theorem 2.1 using (1.16) and (2.1). 

Remark 2.3:   The recurrence relation for the non-truncated exponential 

distribution given by Pawlas and Syznal (2001 a) are obtained by setting 1=p , 

1=P , 0=Q  and 1+= jj . 

Theorem 2.4:    For the given Weibull distribution and Nn∈ , ℜ∈m , 

nr ≤≤2 . 
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Proof:    Proof follows from (1.16) and (2.2). 

Case II: ji γγ ≠ , 1,,2,1, −= nji L . 

Theorem 2.5:    For distribution given in (1.14) and Nn∈ , ℜ∈m , nr ≤≤2 , 

1≥k . 
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Proof:    In view of Athar and Islam (2004), we have 
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and hence the required result. 

Result (2.14) can be proved by using (1.15) in (2.15). 

Remark 2.4: Theorem 2.2 can be deduced from Theorem 2.5 by replacing m~  

with m , 1−≠m . Remaining results for case II, )( ji γγ ≠  can also be obtained 

by replacing m  with m~  in Theorem 2.3 and 2.4. 

3. RECURRENCE RELATIONS FOR PRODUCT MOMENTS 

Case I: mmm ji == ,  1,,2,1, −= nji L . 

Theorem 3.1:    For the given Weibull distribution 11 −≤<≤ nsr , ℜ∈m , 
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Proof:    In view of Athar and Islam (2004), we have 
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Now using (1.16) in (3.2), we get 
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Remark 3.1: At 1=p , 0=Q , 1=P , 1+= rs  and 1+= jj , Theorem 3.1 

reduces to 
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which is the result given by Pawlas and Syznal (2001 a) for the non-truncated 

exponential distribution. 
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Remark 3.2:  Recurrence relations between product moments of order 

statistics )1,0( == km  is 
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which is the relation obtained by Khan et al. (1983 b). 

Case II: ji γγ ≠  

Results can be obtained by replacing m  with m~ . 
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